Abstract. Let D n (R) denote the topological group of C n diffeomorphisms of the real line R, endowed with the Whitney C n -topology, and let D n c (R) denote the subgroup of D n (R) consisting of C n diffeomorphisms with compact support. In this article we show that the pair (D n (R), D n c (R)) is homeomorphic to ( ω l 2 , ⊡ ω l 2 ) for every n = 0, 1, · · · , ∞.
Introduction
In this paper we recognize the topological type of the group D n (R) of C n diffeomorphisms of the real line, endowed with the Whitney C n -topology (cf. [6] ). Besides the whole group D n (R) we shall also be interested in its subgroup D n c (R) ⊂ D n (R) consisting of diffeomorphisms f : R → R with compact support supp(f ) = cl R {x ∈ R : f (x) = x}.
For n = 0 the topological group D 0 (R) turns into the homeomorphism group H(R) of R endowed with the Whitney topology and D 0 c (R) turns into the subgroup H c (R) of H(R) consisting of homeomorphisms with compact support. According to [1] , the topological group H c (R) is homeomorphic to the subgroup ⊡ ω l 2 = {(x i ) i∈ω ∈ ω l 2 : |{i ∈ ω : x i = 0}| < ℵ 0 } of the countable box-power ω l 2 of the separable Hilbert space l 2 .
It should be mentioned that topological copies of the spaces ω l 2 and ⊡ ω l 2 appear quite often in Functional Analysis, Topological Algebra, and Differential Geometry. In particular, Guran and Zarichnyi [4] , [5] proved that, endowed with the Whitney C n -topology, the space C n (M ) of C n differentiable functions on a smooth manifold M is homeomorphic to the box-power ω l 2 . Classifying LF-spaces (i.e., inductive limits of Fréchet spaces) P.Mankiewicz [7] proved that an infinite-dimensional separable LF-space is homeomorphic to one of the spaces:
Extending the mentioned result [1] of T. Banakh on the topological equivalence H c (R) ∼ = ⊡ ω l 2 , the authors of [3] proved that for any non-compact connected manifold M of dimension dim M ≤ 2 the identity component H 0 (M ) of the homeomorphism group H(M ) of M , endowed with the Whitney topology, is homeomorphic to ⊡ w l 2 . Moreover,
more precise result is true: the pair (H(R), H c (R)) is homeomorphic to the pair ( ω l 2 , ⊡ ω l 2 ), see [2] . In this paper we extend the latter result to the pairs (
Preliminaries

Basic definitions.
By ω we denote the set of all non-negative integer numbers. Let n ∈ ω ∪ {∞}. For an interval I in the real line R, by C n (I) we denote the linear space of continuously n-differentiable (C n ) functions f : I → R. Here, if I is a closed interval or a half open interval, the i-th derivative of f (i = 0, 1, · · · , n) at a left (or right) end point x 0 of I is defined by the right (or left) derivative.
. These spaces are endowed with the compact-open C n topology, otherwise specified.
As defined in Section 1, the topological group D n (R) carries the Whitney topology. On the other hand, by D n (R) co we denote the topological group D n (R) endowed with the compact-open C n topology. For a smooth function f ∈ C ∞ (R) with compact support, we define
The compact-open topology is related to the product topology in product spaces, while the Whitney topology is closely related to the box topology. For a family of topological spaces (X λ ) λ∈Λ , the product λ∈Λ X λ denotes the product space of (X λ ) endowed with the usual product topology. On the other hand, the box product λ∈Λ X λ of (X λ ) λ∈Λ is the product space λ∈Λ X λ endowed with the box topology, which is generated by the base consisting of all boxes λ∈Λ U λ , where U λ is an open subset in X λ . When each space X λ has a distinguished point * λ , the small box product ⊡ λ∈Λ X λ of (X λ , * λ ) λ∈Λ is the subspace of λ∈Λ X λ defined by
We refer to [3, Section 1] for basic properties of the (small) box products.
Derivatives of functions on R.
Let n ∈ ω ∪ {∞}. For simplicity, we use the following notations:
The next lemma follows from the definition of the derivative and the induction on n.
In particular,
Thus we have ∂
Proof. For n ≥ 1 we have
The assertion is obvious for n = 0.
Realization of derivatives.
We
+ (R) and x 0 ∈ R. First we show that for any x 0 ∈ R and a ∈ R there exists f ∈ D
We need some preliminary lemmas. Choose a function γ ∈ C ∞ (R, [0, 1]) such that γ(x) ≡ 1 (|x| ≤ 1/2) and
(2) For any c > 0 and n, s ∈ Z ≥0 we have
Therefore, we have
Let n = 0, 1, · · · . For a ∈ R and c > 0, consider the function
(2) Suppose s ≥ 0 and n ≥ s + 1.
, from Lemma 2.4 it follows that
(i) Since c ≥ 1 and n ≥ s + 1, we have f
(ii) If a = 0, then the assertion is trivial. If a = 0, since c ≥ 1 and c > n2 2n |a| α γ n , by (i) we have
For a = (a n ) n ∈ R we set f 0 (x) = a 0 , f 1 (x) = a 1 x and c n = n 2 2n |a n | a 1 γ n + 3 and f n (x) = 1 n! a n x n γ(c n x) ∈ C ∞ (R) (n ≥ 2).
Proposition 2.1 follows from the next lemma. f n satisfies the following conditions:
Proof. By Lemma 2.5 (2)(ii), for n ≥ 2 we have f
< ∞, which implies the assertion.
(2) The assertions (i), (ii) follow from (1) and the basic properties of uniformly convergent series.
n (x), it follows that
and so
(v) The conclusion follows from f n (x) = 0 (n ≥ 2, |x| ≥ 1/3). 
n . Note that the following maps are continuous:
The continuity of f n in a follows from the definition of f n and the continuity of f (s) n in a follows from that of the map
, it is seen that the map χ is continuous.
Corollary 2.1. There exists a continuous map
Proof. The map ψ is defined by ψ(x 0 , a) = φ(a)(x − x 0 ).
Realization of derivatives at two points.
Let
Proposition 2.2. There exists a continuous map
First we verify a modified version of Proposition 2.1. Let S = {(s, t) ∈ R 2 | s < t}. , 1), (s, t) ) by k s,t (x) = (t − s)x + s and set ℓ s,t = k s,t • h.
There exists a continuous map η :
(2) There exists a continuous map ρ :
be the maps given by Corollary 2.1 and Lemma 2.7 (1) respectively. For each (x 0 , a, t) ∈ N 0 , put
and define the function g = η(x 0 , a, t) by g = (1 − α)f + αℓ. The condition g ′ > 0 follows from Lemma 2.3.
The proof of (2) is similar. 
and define the function
The condition f ′ > 0 follows again from Lemma 2.3.
Corollary 2.2. There exists a continuous map
Proof. Proposition 2.2 yields a map Φ : Proof. The map Ψ n = Ψ • Λ n satisfies the required conditions.
Proof of Theorem 1
Consider the subspaces L and L c of the box product Z R defined by L = (x i ) i∈Z ∈ Z R | x i < x i+1 (i ∈ Z), inf i∈Z x i = −∞, sup i∈Z x i = +∞ , L c = (x i ) i∈Z ∈ L | ∃ k ∈ ω such that x i = i (|i| ≥ k) .
For any n ∈ ω ∪ {∞} define the subspaces T n and T n c of Z R n as follows:
